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Department of Computing and Control Engineering

Institute of Chemical Technology in Prague
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Oldřich Vyšata
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ABSTRACT
Detection of specific image components, their visualization
and classification belong to main topics of biomedical im-
age processing. The paper is devoted to problems related to
the use of discrete wavelet transform (DWT) and the dual-
tree complex wavelet transform (DTCWT) for image de-
noising and to selected methods of its enhancement. The
study presents the analysis of results achieved for different
wavelet functions and the following application of gradient
methods for specific image components detection. The in-
formation content of final images is followed both from the
medical point of view using the previous experience and
numerically through the analysis of image spectral compo-
nents. The proposed methods indicate the efficiency of the
dual-tree complex wavelet transform use in this area.
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1 INTRODUCTION

Image de-noising and analysis represent fundamental prob-
lems of image processing in various information systems.
Problems closely related to this topic include signal restora-
tion, enhancement [5], image segmentation [6, 17], recog-
nition [1], classification, similarity detection [8] and noise
analysis [2, 18]. Data acquisition forming the initial part of
signal and image processing is followed by feature extrac-
tion, dimensionality reduction and compression in many
cases as well.

The main part of the paper is devoted to wavelet trans-
form use [3, 12, 15] and additive noise reduction by wavelet
coefficients shrinkage. Both the discrete wavelet trans-
form (DWT) and the dual-tree complex wavelet transform
(DTCWT) are used for two-dimensional signal processing.

The proposed method is applied to various biomed-
ical images of computed tomography (CT) and magnetic
resonance (MR). An example of a set of MR images of the
brain in the axial body plain is presented in Fig. 1. The
paper is restricted to the two-dimensional signal process-
ing enabling the extension of methods studied to the three-
dimensional case.

Figure 1. MR brain images presenting (a) an individual
image and (b) layers selected from a set of MR images

2 WAVELET DECOMPOSITION AND RE-
CONSTRUCTION

The DWT results in signal decomposition into a two-
dimensional function of time and scale [7, 11] using the
initial (mother) function h(t). Its dilation and translation
by coefficients a and b form the set of functions

hj,k(t) =
1√
a

h(
t − b

a
) =

√
2j h(2j t − k) (1)

for integer values j, k in a diadic grid. Wavelet dilation cor-
responding to its spectrum compression enables the multi-
resolution approach providing both global and local signal
analysis using the Mallat decomposition tree [9]. Accord-
ingly, a signal x(t) for t ∈ 〈0, 1) can be decomposed into
a superposition of shifted and dilated versions of the band-
pass mother wavelet function [11] and the lowpass scaling
function by relation

x(t) = c0 +
∑

j=0,1,...

∑
k∈K(j)

c2j+k h(2j t − k) (2)

for K(j) = {0, 1, · · · , 2j − 1}.
The DTCWT has been proposed [15] to overcome

poor directional sensitivity of the DWT and to reduce shift
sensitivity as well. The basic idea of this method is based
upon the signal decomposition running in two parallel trees
using real filters to generate real and imaginary parts of
complex coefficients as outlined in Fig. 2.
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Figure 2. Principles of the dual-tree complex wavelet trans-
form for signal or image analysis including downsampling
by 2 in each decomposition level

In case of images, this process is carried out by firstly
decomposing the image column-wise and then repeating
the same procedure in the row direction. Eq. (2) can then
be generalized [19] for decomposition of an image X(t),
t ∈ 〈0, 1)x〈0, 1) as a superposition of shifted and dilated
vertical, horizontal and diagonal two-dimensional wavelet
functions and a lowpass two-dimensional scaling function
for accordingly defined coefficients ck.

An example of the analysis of the magnetic resonance
image of the brain into the second level by the DWT and
the DTCWT is presented in Fig. 3 and Fig. 4, respectively.
In case of the DTCWT the number of the coefficients sub-
bands is doubled as two decomposition trees are used im-
proving thus directional selectivity of the wavelet coeffi-
cients at the expense of the moderate redundancy 22 : 1
with respect to the DWT.

Wavelet-domain signals are used for multi-resolution
signal or image analysis, compression and approximation
[10, 19]. Some further tasks including signal de-noising
can be used separately or as a preprocessing step of edge
detection and possible extraction of features corresponding
to the objects of interest and their subsequent classification.

The de-noising algorithm assumes an analyzed
(multi-dimensional) signal to contain dominant low-
frequency components and to be corrupted by additive
noise with the power much lower than that of the analyzed
signal. The whole method consists of the following steps:

1. Signal or image decomposition using a selected
wavelet function up to a given level and evaluation of
wavelet transform coefficients

2. Setting the threshold limits either individually for each
coefficients subband at each level or globally for all
wavelet coefficients

3. Thresholding the coefficients utilizing a chosen
shrinkage method

4. Signal reconstruction from the modified wavelet coef-
ficients and the original scaling coefficients

The result of this process highly depends on the
choice of an appropriate wavelet function, a number of de-
composition levels, threshold limits, and also a threshold-
ing technique.

For soft thresholding, modification of the wavelet co-
efficients {c(k)}N−1

k=0 by the threshold δ results in evalua-
tion of new coefficients

cs(k)=
{

sign c(k) (|c(k) | −δ) if |c(k) |> δ
0 if |c(k) |≤ δ

(3)

The hard thresholding method results in the following val-
ues of coefficients

ch(k)=
{

sign c(k) if |c(k) |> δ
0 if |c(k) |≤ δ

(4)

used for subsequent signal reconstruction.
These two wavelet shrinkage methods differ in the

strategy of altering the coefficients greater than δ. Further
techniques are based upon the use of specific thresholding
functions. In this work, we choose soft thresholding as-
suming that large coefficients contain a similar amount of
noise as the smaller ones.

The noise removal is used in this study as a prelimi-
nary step to edge detection. First of all, it is necessary to

DWT 2−LEVEL DECOMPOSITION

Figure 3. Decomposition of the MR brain image by the
discrete wavelet transform into the second level using the
Daubechies 8-tap filter

DTCWT 2−LEVEL DECOMPOSITIONDTCWT 2−LEVEL DECOMPOSITION

Figure 4. Decomposition of the MR brain image by the dual-
tree complex wavelet transform into the second level with 16-
tap q-shift filters [15]



 (a) ORIGINAL IMAGE  (b) DWT DENOISING + CANNY  (c) DTCWT DENOISING + CANNY

Figure 5. Axial MR brain image processing presenting (a) the original image, (b) and (c) images processed by the Canny edge
detector after de-noising by wavelet shrinkage exploiting the DWT (14-tap symlet filters, 3 levels) and the DTCWT (14-tap
q-shift filters, 3 levels)

estimate the noise standard deviation. For this purpose, the
median absolute deviation (MAD) estimator is computed
from the first level diagonal detail coefficients, which are
supposed to be noise dominated

σ̂mad =
median{|cd

1,0|, |cd
1,1|, . . . , |cd

1,N/4−1|}
0.6745

(5)

where cd
1,n is the n-th diagonal detail coefficient of level 1

and N is the image size. The constant in the denomina-
tor applies to independent identically distributed Gaussian
noise. The median approach is robust against large devia-
tions of noise variance.

The estimated value of the standard deviation is used
for calculation of the soft global threshold limit from the
Donoho formula

δ =
√

2 σ̂2
mad log(N) (6)

The kind of wavelet filters and the number of decomposi-
tion levels is estimated due to the visual analysis of results.

3 EDGE DETECTION

Image edges can be looked upon as abrupt changes of the
intensity represented by high frequencies in the Fourier do-
main. Sharp edges of a steep step-function profile may be
easily detected by short gradient masks. The whole process
is based upon the two-dimensional convolution [4, 13, 14]
of a mostly odd-sized convolution kernel HK,J and an im-
age matrix SM,N evaluating the elements of a new matrix
TM,N by relation

tm−K−1
2 ,n− J−1

2
=

K∑
k=1

J∑
j=1

hk,j sm−k+1,n−j+1 (7)

for all values of m,n and selected boundary conditions. A
new value is assigned to the pixel lying in the center of the
odd-sized mask at each shift.

Methods of image wavelet de-noising can be effi-
ciently combined with edge detection to reduce the effect
of noise on gradient methods. This increases the robust-
ness of the whole procedure as depicted in Fig. 8, where
the compass (or Robinson) mask is used

H =

⎛
⎝ −1 1 1

−1 −2 1
−1 1 1

⎞
⎠ (8)

By rotation, this mask approximates the gradient in all eight
possible directions. For every pixel, we chose the orienta-
tion with the highest convolution with the intensity of the
neighbouring pixels.

These short-tap filters applied to blurred and noisy
images either fail to detect an edge or tend to give false
alarms. However, extending the tap length leads to blurring

 (a) EDGES: DWT DEN. + CANNY  (b) EDGES: DTCWT DEN. + CANNY (a) EDGES: DWT DEN. + CANNY  (b) EDGES: DTCWT DEN. + CANNY

Figure 6. Edges detected by the Canny method (scale
σ =1.8) applied to the CT brain image after de-noising by
wavelet shrinkage using (a) the DWT and (b) the DTCWT



 (a) ORIGINAL IMAGE  (b) DWT DENOISING + CANNY  (c) DTCWT DENOISING + CANNY

Figure 7. CT brain of a malignant tumor in the frontal lobes with tumor (white), necrosis (dark spots inside the tumor) and
edema around the tumor (dark) presenting (a) the original image, (b) and (c) images processed by the Canny edge detector after
de-noising by a shrinkage exploiting the DWT (16-tap symlet filters, 4 levels) and the DTCWT (16-tap q-shift filters, 4 levels)

the originally sharp edges. The problem lies in attempting
to detect edges of different spatial sizes by a single-scale
filter. It is more convenient to analyze images by multi-
scale methods, such as the Canny detector.

The Canny filter approximates the first derivative of a
two-dimensional (2D) Gaussian in the direction of the gra-
dient. This method is robust against noise because of using
a Gaussian filter to smooth the data prior to edge detection
and providing a selective algorithm for identifying weak
edges.

A 2D Gaussian low-pass filter is separable. Hence we
may subsequently convolve the image with two 1D Gaus-
sian masks in the row and the column directions. For σ
denoting the standard deviation and the 2D Gaussian

G(x, y) = C e−
(x2+y2)

2σ2 (9)

it is possible to apply the convolution of its derivative in
both directions with the given image. These two results are
combined together into a matrix whose elements are thresh-
olded to identify pixels corresponding to strong edges. The
rest of the pixels may be assigned to weak edges only if
their values are greater than the lower threshold limit and
if their gradient corresponds to the direction of the stronger
edges in the neighborhood. The extracted edges after ero-
sion are shown in Fig. 6.

As the next step, the edge images are combined with
the de-noised images. Fig. 5 and Fig. 7 depict the Canny
method applied to selected de-noised CT and MR biomed-
ical images of the brain.

By adjusting the value of standard deviation σ, the
Canny detector may operate at various scales. For the MR
image in Fig. 5 we selected σ = 2.5 and for the CT image
in Fig. 7 the values σ = 1.8 has been used.

4 RESULTS

The wavelet image de-noising using both the DWT and the
DTCWT for different wavelet functions has been applied
to selected biomedical images with the following gradient
image enhancement. The main purpose of this process is in
the detection of specific biomedical image components in
their early stages and their visual enhancement.

To analyse the results it is possible to study the two-
dimensional discrete Fourier transform of the original and
enhanced images and their spectral components. Fig. 9(a)
presents the contour plot of the spectrum belonging to the
original biomedical image of the brain. The de-noising
procedure applied to reduce the image noise should reject
high-frequency components and to preserve low-frequency
parts including their frequency multiples responsible for
abrupt image changes.

Fig. 9(b) and (c) present contour plots of image spec-
tra after the use of the DWT (using db4 wavelet) and
DTCWT. It is obvious that high-frequency components are
more substantially rejected by the DTCWT even though the
balance must be achieved between this process and preser-
vation of low-frequency components and image edges.

Statistical comparison of different wavelet functions
use for processing of selected biomedical images is pre-
sented in Table 1. Numerical results include the mean
and the standard deviation of high-frequency image com-
ponents estimated by the two-dimensional discrete Fourier
transform and selection of frequency components in the up-
per half of the frequency ranges in both image directions.
Results presented in Table 1 and the corresponding Fig. 10
show that the DTCWT decreases image energy in this fre-
quency range in comparison with the DWT. Results ob-
tained have been verified by the neurologist specialised in
the analysis of biomedical images as this process is very



 (a) ORIGINAL + ROBINSON  (b) ORIGINAL + ROBINSON

 (c) DWT DEN. + ROBINSON  (d) DWT DEN. + ROBINSON

 (e) DTCWT DEN. + ROBINSON  (f) DTCWT DEN. + ROBINSON

Figure 8. Convolution of the Robinson filter with (a),
(b) the original MR and CT brain images, resp., (c), (d) the
images after DWT de-noising, and (e), (f) the images after
the DTCWT de-noising

sensitive and no important image features must be rejected.
Results achieved point to the efficiency of the dual-tree
complex wavelet transform.

In addition to the process of spectral analysis of de-
noised images differences between original and de-noised
images have been studied as well to find statistical proper-
ties of the image noise.

5 CONCLUSIONS

The paper is devoted to the use of the wavelet transform
for noise removal and enhancement of biomedical images.
Both the discrete wavelet transform and the dual-tree com-
plex wavelet transform are studied along with gradient edge
detection. The paper provides also the study of the compass
gradient mask and the Canny edge detector use for biomed-
ical images. Both the numerical results and expert opinion
provide promising support for the future work in this field.

Problems of image de-noising and enhancement are
closely related with many other research topics including

Table 1. ANALYSIS OF SPECTRAL COMPONENTS IN THE

UPPER HALF OF THE FREQUENCY RANGES OF BIOMED-
ICAL IMAGES DE-NOISED BY THE DWT AND DTCWT

De-Noised Image
Data Wavelet Mean STD

DWT DTCWT DWT DTCWT
Brain db4 1.61 1.02
(CT) db8 1.57 0.46 0.99 0.32

haar 1.42 0.82
sym3 1.61 0.97

Brain db4 0.002 0.002
(MR) db8 0.001 0.0007 0.001 0.0004

haar 0.003 0.002
sym3 0.002 0.002

Back- db4 6.94 3.81
bone db8 6.71 6.51 3.67 3.56

haar 7.15 3.96
sym3 6.98 3.82

Kidney db4 0.75 0.44
db8 0.58 0.45 0.35 0.26
haar 0.85 0.49
sym3 0.76 0.44

adaptive methods of image de-noising [16] and the appro-
priate image resolution choice. The future work will be de-
voted to these problems as well covering also the spline in-
terpolation generalized to three-dimensions to increase the
resolution of MR layers sets.

Interpolation methods and image modelling methods
will be further studied as important tools for reconstruction
of image components spoiled by various artifacts, along
with the three-dimensional wavelet image de-noising and
enhancement to detect specific image components.

Accompanying tasks will include the evolution of
appropriate visualization methods and application of dis-
tributed computing tools to enable fast enough multi-
dimensional and multi-scale signal processing.
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Figure 9. Spectral components of the (a) original image of
the brain, (b) de-noised image using the db4 wavelet, and
(c) de-noised image after the dual-tree complex wavelet
transform use
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Figure 10. Comparison of high-frequency spectral compo-
nents features for different biomedical images and different
de-noising methods
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